We have systematically investigated the ground-state hyperfine structure for alkali-metal atoms 87 Rb, 133 Cs, 211 Fr and alkali-metal-like ions 135 Ba + , 225 Ra + , which are of particular interest for parity violation studies. The quantum electrodynamic one-loop radiative corrections have been rigorously evaluated within an extended Furry picture employing core-Hartree and Kohn-Sham atomic potentials. Moreover, the effect of the nuclear magnetization distribution on the hyperfine structure intervals has been studied in detail and its uncertainty has been estimated. Finally, the theoretical description of the hyperfine structure has been completed with full many-body calculations performed in the all-orders correlation potential method.
I. INTRODUCTION
It has become apparent in the last decade that quantum electrodynamic (QED) radiative corrections may give sizeable contributions to properties of heavy atoms. Notably, QED radiative corrections to the parity violating electric dipole amplitude in Cs were critical in restoring the deviation of the measured value of the nuclear weak charge from the value predicted by the standard model of particle physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Indeed, it has been shown that QED radiative corrections may contribute at the level (0.1-1)% to s-p energy intervals [9, [11] [12] [13] [14] [15] [16] , usual E1 amplitudes [9, 15, 17, 18] , hyperfine structure intervals [19, 20] , and parity violating amplitudes [7-9, 15, 18] for heavy alkali-metal atoms and near-neutral alkali-metallike ions.
The current work is motivated by a new generation of atomic parity violation experiments that are underway or in preparation for Cs [21] , Fr [22] [23] [24] , Ba + [25, 26] , and Ra + [27] . Rb has also been promoted as a candidate for such studies [28] . Single-isotope measurements of (nuclear spin-independent) atomic parity violation are sensitive to the nuclear weak charge, which is based on a unique combination of coupling constants, and complement collider-based studies [29] [30] [31] .
Clean interpretation of single-isotope measurements depends on the ability to calculate the atomic parity violating amplitudes to high accuracy. The highest accuracy has been reached for Cs, with a claimed uncertainty within 0.5% [9, [32] [33] [34] . It is possible to sidestep atomic theory by performing measurements along an isotope chain and taking ratios of measured values [35] . This approach, however, probes a different combination of coupling constants than probed in single-isotope studies, and the latter studies thus remain valuable in providing unique information about particle physics [36, 37] .
In the current work, we calculate the ground-state hyperfine structure for atoms of interest for parity violation measurements. The hyperfine structure depends on the electronic wave functions close to the nucleus, and comparison between theory and experiment allows the quality of the wave functions in this region to be gauged. This comparison, along with those for electric dipole transition amplitudes and energy intervals, forms part of the error analysis for parity violation calculations (see, e.g., Refs. [32, 33] ). In order to make a meaningful comparison for the hyperfine structure, however, one first needs to separate out all other effects. In particular, the QED radiative and the nuclear magnetization distribution effects need to be accounted for before an assessment of the quality of the many-electron wave functions may be made. In this paper we address this need.
The only rigorous QED calculations of the groundstate hyperfine structure for heavy alkali-metal atoms have been performed by Sapirstein and Cheng [19] , and there are no such data for the alkali-metal-like ions. Sapirstein and Cheng used the Kohn-Sham approximation to model the atomic potential. In the current work, we perform rigorous QED calculations in two local atomic potentials, Kohn-Sham and core-Hartree, applied to the ground-state hyperfine structure for 87 Rb, 133 Cs, 211 Fr, 135 Ba + , and 225 Ra + . We also investigate in the current work the nuclear magnetization distribution effect -the so-called Bohr-Weisskopf effect -within different nuclear models for these systems. It is common practice in manybody calculations of the hyperfine structure for heavy atoms to adopt the model of the uniformly-magnetized sphere. The validity of this model, however, is not wellmotivated for odd-nucleon nuclei in particular, and different magnetization models may give significantly different results. For example, we observe a very sizeable correction (0.5%) to the hyperfine structure for 133 Cs when using a single-particle model for the nuclear magnetization distribution rather than the sphere. To complete the theoretical study of the hyperfine structure, we perform state-of-the-art many-body calculations in the all-orders correlation potential method. This paper is organized as follows. In Section II, we determine the zeroth-order hyperfine intervals in coreHartree and Kohn-Sham potentials. Our calculations of QED radiative corrections are presented in Section III.
We discuss different magnetization models and calculate their effects in Section IV. In Section V, we present results of our many-body calculations, and give a complete theoretical description of the hyperfine intervals. The results are discussed in Section VI and concluding remarks given in Section VII.
II. THE HYPERFINE INTERVAL
The magnetic interaction of an atomic electron with the magnetic dipole moment of the nucleus is given by
where α is a Dirac matrix, A is the vector potential of the nucleus, µ = µI/I is the nuclear magnetic moment, and I is the nuclear spin. We use relativistic units c = = m = 1, e 2 /(4π) = α throughout unless otherwise stated. The factor F (r) models the magnetization distribution, and for a point nucleus F (r) = 1.
We consider the hyperfine splitting in the ground states of alkali-metal atoms and alkali-metal-like ions. The hyperfine interaction Eq. (1) splits the state 2 S 1/2 into two levels I ± 1/2. The interval between the levels in the zeroth-order approximation -with local atomic potential and point-nucleus magnetization -is given by
Here, G a (r) and F a (r) are the upper and lower radial components of the Dirac single-electron wave function ϕ a that satisfies the Dirac equation in the extended Furry representation,
β is a Dirac matrix, V nuc (r) is the nuclear potential, and V scr (r) is the local screening (electronic) potential that partially accounts for the interaction between the valence electron and the closed core electrons. For V scr , in calculations of the QED corrections, we use the core-Hartree (CH) potential and the Kohn-Sham (KS) potential derived within density-functional theory [38] .
In the core-Hartree approach, the N − 1 core electrons are solved self-consistently in the direct potential formed from the core,
where r > = max(r, r ′ ) and
is the charge density of the core electrons b, ∞ 0 drρ c (r) = N − 1. The valence electron wave functions are found in this potential. In the Kohn-Sham approach [38] , an approximation for the exchange potential is included,
where ρ t is the total (core and valence) electron density ρ t = ρ c + (G 2 a (r) + F 2 a (r)), and the self-consistency procedure is carried out in the potential formed from all electrons. In the KS approach, the correct asymptotic form of the atomic potential at large distances, V nuc + V KS = −α/r, is enforced using the Latter correction [39] . We use a finite nuclear charge potential V nuc (r) at all stages of our calculations, with charge density corresponding to the two-parameter Fermi distribution,
The thickness parameter t = a(4 ln 3) is taken to be t = 2.3 fm for all nuclei and the half-density radius c is found from the root-mean-square radius r rms compiled in Ref. [40] , c 2 ≈ (5/3)r 2 rms − (7/3)(πa) 2 . The isotopes we consider in this work with associated nuclear radii r rms and nuclear moments µ, spin I, and parity π -from Ref. [41] -are presented in Table I .
We parameterize the finite-nucleus magnetization and QED radiative corrections to the hyperfine structure intervals as
The finite-nucleus magnetization correction -the BohrWeisskopf (BW) effect [42] -is expressed in terms of a relative correction F BW , and F QED is the relative QED radiative correction comprised of the vacuum polarization and self-energy, Our zeroth-order results ν (0) in core-Hartree and Kohn-Sham approximations alongside the values of Sapirstein and Cheng [19] are presented in Table II . Our Kohn-Sham results agree precisely with those of Ref. [19] when we take the same nuclear parameters (nuclear charge radii, nuclear moments) used in that work. The spread in core-Hartree and Kohn-Sham values for ν (0) for the considered systems is within 3%.
III. QED RADIATIVE CORRECTIONS
The one-loop QED contributions to the hyperfine splitting incorporate the self-energy and vacuum polarization corrections. While there are a number of ab initio QED calculations of these corrections for hydrogen-like, lithium-like, and boron-like ions (see, e.g., [43] ), there are only a few works devoted to the case of neutral heavy atoms. The latter were performed by Sapirstein and Cheng in alkali-metal atoms for s-states in Ref. [19] , for p 1/2 -states in Ref. [44] , and for p 3/2 -states in Ref. [20] .
Calculations of QED corrections in neutral atoms must account for electron screening effects from the very beginning. Thus, in contrast to highly charged ions where one can use the pure Coulomb potential as the zerothorder approximation (the original Furry picture), for neutral atoms the calculations begin with a local screening potential (the extended Furry picture). In this work we employ the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5), repectively. In this section we evaluate the self-energy and vacuum polarization corrections within the extended Furry representation for the hyperfine structure intervals for the ground states of Rb, Cs, Ba + , Fr, and Ra + . The complete gauge invariant set of diagrams that need to be considered are shown in Fig. 1 and Fig. 2 for the self-energy and vacuum polarization corrections, respectively. The formal expressions for these diagrams from the first principles of QED are derived by employing the two-time Green's function method [45] . The correction due to the self-energy diagrams may be written as
where the first term is the so-called irreducible part, the second is the reducible, and the third one is the vertex contribution. The self-energy operator Σ(ε), its derivative dΣ(ε)/dε, the interelectronic-interaction operator I(ω), and the hyperfine operator T 0 are defined in a similar way as in Refs. [46] [47] [48] , and u = 1 − i0 preserves the proper treatment of poles of the electron propagators. The self-energy corrections given by Eq. (8) suffer from ultraviolet divergences. In order to cancel these divergences explicitly we have employed the standard renormalization scheme, details of which may be found, e.g., in Ref. [49] . The infrared divergences which occur in the reducible and vertex terms are regularized by introducing a non-zero photon mass and are canceled analytically. Now let us turn to the vacuum polarization correction to the hyperfine splitting. The corresponding diagrams are depicted in Fig. 2 and provide the following contribution
where the first term is the electric-loop part and the second is the magnetic-loop contribution. The electric-fieldinduced U el VP and the magnetic-field-induced U ml VP vacuum polarization potentials are defined in a similar way as in Ref. [50] . In order to regularize the ultraviolet divergence terms one has to decompose these potentials into the Uehling and the Wichmann-Kroll parts. Only the Uehling part contains the divergent terms, and these may be completely removed using the standard renormalization procedure [49] . In this work we have rigorously evaluated the Uehling parts for both the electricand magnetic-loop contributions. We assume that the ratio of the Uehling and higher-order Wichmann-Kroll terms for neutral atoms remains similar to the case for hydrogen-like ions. Rigorous calculations [51] of the vacuum polarization correction in hydrogen-like ions reveal that the Wichmann-Kroll term increases with nuclear charge and reaches 10% of the Uehling term for the heaviest ions considered (Z = 83). Here, we do not account for the Wichmann-Kroll terms, since the uncertainty in the treatment of the screening effects is larger than the estimated contribution of these terms. In Table III we present our results for the QED radiative corrections to the hyperfine structure intervals. Our calculations were performed for finite nuclear charge (Fermi distribution) and finite nuclear magnetization (uniformly-magnetized sphere). Overall our Kohn-Sham results for Rb, Cs, Fr are in good agreement with the results of Ref. [19] . For the vacuum polarization correction, the small deviation is due to the finite nuclear magnetization effect accounted for in our values. For the case of the self-energy, the calculations are much more involved and the difference can be explained by numerical uncertainties. The QED corrections amount to −0.2% for Rb, −0.4% for Cs and Ba + , and −0.6% for Fr and Ra + . The size of these corrections is significant and on the level of correlation uncertainties, as we will see in Section V. The variation in results found in CH and KS potentials is within 20%, giving an indication of the sensitivity of QED effects to different treatment of electron screening.
In order to determine the total QED radiative corrections to the hyperfine splitting, we will apply the same relative QED corrections F QED found in the coreHartree approximation to the final many-body results presented in Section V. We estimate the error associated with this scaling procedure using two methods as follows. First, based on the results of rigorous calculations of the screened QED radiative corrections for lithium-like ions [47, 48] compared to results rescaled from core-Hartree values, we conservatively estimate the uncertainty as 50% of the difference between the core-Hartree and rescaled (many-body) results in absolute units. A second estimate of the uncertainty may be given as the difference between core-Hartree and Kohn-Sham results. The uncertainty we assign to the final QED values is the maximum of these estimates.
IV. BOHR-WEISSKOPF CORRECTION
For the magnetization distribution, we employ three different models. The first one is the uniformly magnetized sphere model (sph), where the factor F (r) is given by
for r ≤ r n and F (r) = 1 elsewhere, where r n = (5/3) 1/2 r rms is the nuclear radius. The other two are the nuclear single-particle models which are widely used for the evaluation of the Bohr-Weisskopf correction [52] [53] [54] . Within these models the nuclear magnetization is determined by the total angular momentum of the unpaired proton or neutron. In the first version of this model (SP) we neglect the nucleon spin-orbit interaction and use a homogeneous distribution for the radial part of the nucleon wave function inside the nucleus. In the second version of this model the nucleon spin-orbit interaction is included and the nucleon wave function is found in the Woods-Saxon potential, in a similar way to Ref. [54] . We consider the latter model (SP-WS) to be the most reliable, and we will take the results of this model as our final values for the Bohr-Weisskopf correction. We estimate the uncertainty of our SP-WS results as follows. When the contributions of the nucleon spin and orbital parts are of the same sign, resulting in a relatively large value for F BW,SP−WS , the uncertainty is estimated as 30% of this value. When the Bohr-Weisskopf correction, evaluated within the model of uniformly magnetized sphere F BW,sph , is larger than that found within the SP-WS model, the uncertainty is assumed to be 20% of F BW,sph . To evaluate the Bohr-Weisskopf effect, we use a dense radial grid with radius 110 a B (a B is the Bohr radius) and 10 5 grid points. The results for the Bohr-Weisskopf corrections in terms of the F BW factor defined by Eq. (7) are presented in Table IV . Here, we have used the core-Hartree potential. It is seen from Tables III and IV that the finitemagnetization correction tends to make a larger contribution to the hyperfine intervals than the QED radiative corrections, and this becomes more pronounced for the heavier atoms and ions. Indeed, for 87 Rb the BohrWeisskopf and QED corrections are of comparable size, while for 211 Fr and 225 Ra + the Bohr-Weisskopf corrections reach several times the size of the QED corrections. Moreover, while the sphere model (10) is frequently used in calculations of the hyperfine structure for heavy atoms, it is not the most well-motivated model for odd-nucleon nuclei. Indeed, hyperfine structure measurements along a chain of neutron-deficient isotopes of Fr reveal odd-even staggered results consistent with a simple nuclear singleparticle model [55] . For 211 Fr, the hyperfine structure result changes by 1.3% when moving from the sphere to the SP-WS model and for 133 Cs it changes by 0.5%, a very significant difference on the scale of the error of the correlation calculations, as we will see in Section V.
Let us consider the scaling of the relative BohrWeisskopf correction in different atomic potentials. For state a, the relative correction is
where a spherically symmetric magnetization distribution is assumed. The Bohr-Weisskopf effect originates on the nucleus where the electron wave functions satisfy the Dirac equation in the nuclear Coulomb field. For loosely bound valence electrons with binding energies ≪ mc 2 , |V nuc |, such as we consider in this work, the energy-dependence is removed and the relativistic radial wave functions for a given angular momentum quantum number κ are the same up to a factor. If the hyperfine interaction were localized within the 1s orbit, we would expect the relative Bohr-Weisskopf correction (11) for loosely-bound states in different atomic potentials to be very nearly equal. We have evaluated the BohrWeisskopf corrections within both the core-Hartree and Kohn-Sham potentials and indeed observe an approximate equivalence,
to within 0.2% for the considered atoms and ions. Furthermore, we have determined the Bohr-Weisskopf correction in both spherical and single-particle SP magnetization models at all levels of many-body approximation (see following section) for 133 Cs and found that F BW remains the same to within several 0.1%. Thus, to find the total Bohr-Weisskopf corrections to the hyperfine splitting, we will apply the relative values F BW,SP−WS to the final many-body results presented in the next section.
V. MANY-BODY CALCULATIONS
The hyperfine structure intervals ν (0) found in the core-Hartree and Kohn-Sham atomic potentials are very much smaller than the measured intervals. For example, for
133 Cs the zeroth-order hyperfine interval in coreHartree and Kohn-Sham is around 6200 MHz, while the measured value is roughly 9200 MHz. This difference is mostly accounted for by many-body effects which we address in the current section.
We perform atomic many-body calculations of the hyperfine structure intervals using the all-orders correlation potential approach [56] . The calculations are carried out for point-nucleus magnetization, and the effects of accounting for finite magnetization distribution are separately considered (see previous section). The many-body approximations and methods we use have been described at length before, and we refer the reader to the review [10] for a more detailed description, diagrams, expressions, and references.
The calculations begin in the relativistic Hartree-Fock (RHF) approximation, where the local electronic potential V scr (r) in the Dirac equation (3) is replaced with the RHF potential,
comprised of direct and exchange parts and formed from the N − 1 core electrons. Expressions for this potential may be found in Ref. [57] . Our RHF values are presented in the first row of results in Table V . The choice of RHF as the starting approximation simplifies the perturbation theory corrections in the residual Coulomb interaction, with the first non-zero correlation correction appearing in the second order. A second-order non-local "correlation potential" Σ (2) (r i , r j , ǫ) may be constructed, defined such that its averaged value is equal to the second-order correlation correction to the energy, δǫ (2) = ϕ|Σ (2) |ϕ . This potential may be added to the RHF equation to obtain correlation-corrected (Brueckner) wave functions and energies. We go beyond the second order by dressing the Coulomb lines. We do this using the Feynman diagram technique to include important classes of diagrams -electron-electron screening and the hole-particle interaction in hole-particle loops -to all orders in the Coulomb interaction [62] . In this way we obtain an all-orders correlation potential Σ (∞) (r i , r j , ǫ) 
interval is related to the magnetic constant A by a factor (I + 1/2).) Relativistic Hartree-Fock (RHF), RHF with all-orders correlation potential Σ (∞) , and RPA with Σ (∞) results -all with point-nucleus magnetization -are presented in the first rows. The correction from semi-empirically adjusting the correlation potential, fexpΣ (∞) , is given in the following row. Contributions from structural radiation and normalization (δΣ) and Breit follow. "Subtotal" is the sum of the RPA+Σ (∞) value and the three contributions that follow in the table. QED radiative and Bohr-Weisskopf (BW) corrections found in the single-particle magnetization distribution model (SP-WS) together with their uncertainties are presented in the following rows. Our final theoretical results are presented as "Total". Measured values of the hyperfine intervals and the deviation (∆) of theory from experiment in absolute units and in % are shown. For the deviation in % we give in the round brackets the uncertainty corresponding to the QED and BW values. For the case of 211 Fr, an additional uncertainty associated with the nuclear magnetic moment is presented in the second round brackets. The final digit in the uncertainty given in brackets matches the final digit for the central value. Units: MHz. which is added to the RHF equations (3) with
to give Brueckner orbitals ϕ Br and energies ǫ Br . Consideration of correlation-corrected orbitals corresponds to evaluation of the matrix element ϕ Br |h hfs |ϕ Br , and the associated hyperfine intervals are presented in Table V as RHF+Σ (∞) . Note that in obtaining Σ (∞) , rigorous calculations are performed for the direct diagrams, while for the smaller exchange diagrams, simplified second-order calculations are carried out. These latter calculations involve a sum over intermediate states. To discretize the states in this sum, we introduce a cavity of radius 40 a B and diagonalize the relativistic Hartree-Fock Hamiltonian on a set of 40 splines of order k = 9 [57] . Higher-order screening corrections are included by introducing multipolaritydependent electron-electron screening factors found from direct-diagram calculations.
The random-phase approximation (RPA) with exchange (time-dependent Hartree-Fock method) is used to account for polarization of the atomic core by the hyperfine interaction. This leads to an additional term in the hyperfine operator [56] ,
This term corresponds to a modification of the RHF potential with the hyperfine interaction included in first order in the self-consistency procedure for the core orbitals, δV hfs =Ṽ HF − V HF . We may express the energy shifts due to the hyperfine interaction, including correlations and core polarization, as ϕ Br |h hfs + δV hfs |ϕ Br . The corresponding results for the hyperfine intervals are shown in Table V as RPA+Σ (∞) . We use a simple semi-empirical means of accounting for missed higher-order correlation corrections. We introduce a factor before the correlation potential,
that is found by reproducing experimental binding energies in correlation calculations for the energies. This also provides us with a good indication of the error associated with our many-body calculations. These semi-empirical corrections are denoted by (f exp − 1)Σ (∞) in Table V . There are smaller correlation corrections, the "structural radiation", where the hyperfine operator acts on electrons or holes in the internal lines of the correlation potential [56] . We calculate these in the lowest order. As with the exchange part of the correlation potential, we use splined wave functions in a cavity to calculate the structural radiation. At the same level (third order perturbation theory), there are corrections to the hyperfine intervals arising from normalization of the many-body wave functions [56] , − ϕ|h hfs + δV hfs |ϕ ϕ|∂Σ/∂ǫ|ϕ . These two corrections are bundled together and denoted by δΣ in Table V. We account for the Breit interaction -the magnetic and retardation correction to the Coulomb interactionin the zero-frequency approximation [57] ,
where r is the distance between electrons i and j. Calculations are performed at the RPA level, and the Breit corrections to hyperfine intervals are given in Table V . The contributions described above and tabulated in Table V are summed to give the values "Subtotal". These are our final many-body results, for point-nucleus magnetization and without radiative corrections.
The Bohr-Weisskopf and QED radiative corrections are scaled to the many-body values and presented, along with their uncertainties (as set out in Sections III and IV), in the following rows. In the final three rows, we give the measured values of the hyperfine intervals and the deviations of our theoretical results from measurements, in MHz and percent.
VI. DISCUSSION
It is seen from The QED radiative corrections contribute to the hyperfine structure at a level that is significant and should be taken into account in high-accuracy calculations. Indeed, the corrections for 133 Cs and 135 Ba + are both −0.38%, while the overall deviation of our theoretical determination of the hyperfine structure is 0.17% for Cs and 0.21% for Ba + (excluding Bohr-Weisskopf uncertainties). The QED radiative corrections increase with nuclear charge and contribute −0.61% and −0.57% to the hyperfine intervals for 211 Fr and 225 Ra + , respectively. We note that for reliable determination of the QED radiative corrections to the hyperfine structure, rigorous calculations are required. In Ref. [63] , for example, a "radiative potential" was used for estimation of the QED effects for the hyperfine structure. They obtained results for Ba + , Cs, Fr, and Ra + that are more than a factor of two larger than those found in the current work and Ref. [19] . A radiative potential -see, e.g., Refs. [9, 13] may be used reliably for determination of radiative corrections to binding energies and other observables where the largest part of the correction arises from perturbations to the wave functions (e.g., E1 amplitudes). However, for the hyperfine structure and other short-distance operators, there is no reason that the vertex diagrams should be small.
We have shown that for heavier nuclei the effect of the finite magnetization distribution becomes increasingly important. In particular, for 211 Fr and 225 Ra + , its contribution is several times larger than the QED radiative corrections (by as much as eight times for 225 Ra + ). Moreover, the uncertainty due to the lack of knowledge of the magnetization distribution for heavier nuclei completely masks the QED radiative corrections, similar to the case for hydrogen-like ions [54] . For 133 Cs and 135 Ba + , the Bohr-Weisskopf uncertainty limits the test of the electronic wave functions by several 0.1%. For 225 Ra + , this uncertainty is estimated to be 1.4%, strongly limiting a high-precision test of many-electron wave functions in hyperfine structure studies. Furthermore, for 211 Fr, the 2% uncertainty in the value for the nuclear magnetic moment prohibits an accurate test.
Depending on the nuclear spin and parity, we emphasise that the Bohr-Weisskopf effect may be very different when different magnetization models are considered. In particular, we have seen for 133 Cs that the single-particle model yields a value that is several times smaller than the sphere. The result for the ground state hyperfine splitting changes by as much as 0.5% when we move from the sphere model (commonly used in hyperfine calculations for this atom) to the more well-motivated nuclear single-particle model.
VII. CONCLUSION
We have performed rigorous calculations of the oneloop QED radiative corrections to the hyperfine structure intervals for atoms and ions of interest for parity violation studies. These corrections contribute −0.24% ( 87 Rb), −0.38% ( 133 Cs), −0.38% ( 135 Ba + ), −0.61% ( 211 Fr), and −0.57% ( 225 Ra + ) and should be included in accurate theoretical determinations of the hyperfine structure. We have also studied the Bohr-Weisskopf correction employing different nuclear magnetization distribution models and estimated its uncertainty. We have found that this uncertainty grows with nuclear charge and strongly impedes the ability to accurately probe the correlation and QED effects. We have completed our hyperfine structure analysis with full many-body calculations performed in the all-orders correlation potential method.
This work is a step towards an improved theoretical understanding of the hyperfine structure for heavy atoms and ions. It demonstrates the need for control of the nuclear physics uncertainties before accurate tests (at the level of 0.1%) of the electronic wave functions in the nuclear region may be made using hyperfine interval comparisons.
